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Abstract 

The ranking of the companies according to financial characteristics is crucial problem of the 
financial decision-making. Paper describes an approach to the multiple attribute financial level 
evaluation. Conditions of financial decision-making are supposed to be only vaguely 
determined. Fuzzy methodology is applied and fuzzy simple additive weighting method type 
model is designed. It means financial indices, weights are fuzzy terms and the aspect of non-
fixed preciousness of data is included. Fuzzy sets of T-number types, extension principle, ε-cut 
methodology are used. Methodology of ranking companies is suggested. The simplified 
illustrative example is introduced. 
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1 Introduction 
Determination of the financial level or rating is one of crucial financial decision-making 

problem. Typical feature of financial decision-making is that conditions and data is possible 
give only vaguely. There are many aspects and reasons of imprecise in finance.  

Precision – the requirement for high level of precision may cause accounting models to 
lose part of their relevance to the real world by ignoring some relevant items because of not 
precise measurement or their inclusion may increase the complexity of model. 

Neglect – many decision models are concentrated on benefits that are not difficult to 
measure, or improved accuracy could ignore benefits that are difficult to measure such as 
reduce decisional effort including mental ones. Neglecting of vagueness may cause the 
analysis to be incomplete, unrepresentative and irrelevant.  

Effectiveness – high levels of precision required by accounting and financial models are 
not unwarranted, but also uncertainty for an effective analysis. 

Applicability – the call for precise measure that are difficult to obtain can hinder the 
applicability of financial models. 

Precise data ability providing - the demand for precise input data may represent a primary 
reason for the uneasiness of the potential models users. The difficulty concerns of decision 
maker to provide precise data necessary for models to give reliable results. When precise data 
are not attainable, the decision makers are forced to resort or enrich the data. 

Fixed level of accuracy – this assumption is often unrealistic, and may cast doubt about the 
usefulness of the aggregate totals. There is question whether variables estimated with 
different degrees of accuracy can be meaningfully aggregated. 

                                                           
1 The paper was supported by the Grant Agency of the Czech Republic (GACR): 402/08/1234. 



2 
 

Predictive and descriptive power – incorporating the vagueness and ambiguity displayed in 
the accounting environment into financial models may improve the descriptive and predictive 
power of models. 

Flexibility – managers usually make decisions without having a full range of accurate 
measurement.  The ability to deal with those situations affords them great flexibility in 
comparison with traditional techniques.  

The introduced features are basic arguments for application of indeterminacy models. 
Since this aspect is typical for financial decision-making, it might be fruitful to apply soft 
computing methodology. Fuzzy approach is one of possibilities characterized by a good way 
of simplification, interpretability and ability of implementation. 

A survey of vaguely formulated problems in finance and accounting decision-making is in 
Siegel et al. (1995), and in financial engineering Riberio et al. (1999). We can generally 
distinguish and see two basic approaches in dealing with soft (fuzzy-stochastic) financial 
modelling. The first one concerns using a fuzzy measure in contrast with a probability 
measure where a sub-additive property is not fulfilled, see e.g. Cherubini (2001), Yoshida 
(2003). The second approach is based on assumption that input data (parameters, distribution 
functions) is possible to introduce only vaguely. Financial applications examples, except 
option valuation models, are e.g. Lai and Hwang (1993), Inuiguchi and Ramík (2000), Tanaka 
et al. (2000), Cherubini and Lunga (2001), Carlsson et al. (2002), Zmeskal (2005), Koissi and 
Shapiro (2006). Special attention in hybrid (fuzzy-stochastic) financial modelling is paid to 
option valuations, because of providing abundant and a lot of applications. Researchers has 
dealt with relatively new topic of fuzzy-stochastic option valuation models which are 
presented e.g. in Zmeskal (2001), Simonelli (2001), Yoshida (2002), Carlsson and Fuller 
(2003), Yoshida (2003), Muzzioli and Torricelli (2004), Wu (2005), Cheng et al. (2005), 
Yoshida et al. (2005), Liyan Han and Wenli Chen (2006), Zhang et al. (2006), Wu (2007), 
Muzzioli and Reynaerts (2007) and Thiagarajaha et al. (2007).  

The purpose of the paper is to apply soft methodology in financial evaluation and ranking 
of companies. The input data preciousness will be especially regarded. Fuzzy multiple 
attribute decision making model will be proposed and applied. 

 

2 Crisp multiple attribute decision-making models formulation 
We can distinguish under multiple criteria decision making (MCDM) methodology, (i) 

discrete type approach which is represented by multiple attribute decision making (MADM) 
models and (ii) continuous type approach characterised as multiple objective decision making 
(MODM). The determining of financial company level is included under the first approach.  

The problem of decision-making could be divided into two phases. The first phase 
concerns the aggregations of satisfaction for all criteria per decision alternative. The second 
phase determines either the ranking of alternatives or assigning alternatives to some groups.  

Assume the problem for the first phase is described by, (i) alternatives Ai, the set of 
corporations, (ii) criteria Cj, each alternative is characterized by the set of characteristics, in 
finance by financial ratios (indices), (iii) utility function for every company Ui is an 
aggregation of criteria by multiple attribute utility function (MAUF), 

 ( )nii CCCUU ...., 21= . (1) 

Many utility models have been studied. The most applied is the composition of partial 
utility functions uij assuming the independence of criteria and addition. The very well known 
type of this function is simple additive weighting method (SAWM) where wij are weights of 
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criteria and numerical ratings (indices) of alternative Ai for criteria Cj are  
( )jiij Cur = , aggregated utility function ( )iniiii rrrUU ...., 21=  is transformed as follows,  

 �� ⋅=
j

j
j

ijji wrwU /  (2) 

Special model with credibility of data is following, 
                                               �� ⋅⋅=

j
j

j
ijijji wvrwU ,                                              (3) 

 where parameter ijv  means degree of preciousness (credibility) of data. If ,1=ijv for every 
j, the problem is of traditional SAWM version.  

 

3 Fuzzy simple additive weighting model (FSAWM) description     
In this section we present model methodology of fuzzy simple additive weighting method 

(FSAWM) type under T-numbers and non-fixed input data preciousness. The model is of 
SAWM version, however data are introduced vaguely by fuzzy sets of T-number type and 
assumption of non-fixed level of input data accuracy is considered.  

There are possible to distinguish under fuzzy multiple attribute decision making 
(FMADM) methodology three basic model variants;  

(i) Fuzzy variables – weights utility functions are stated as fuzzy sets, for instance, 
”leverage is approximately 40 % ”, ”return on equity is about 10 %”, etc.  

(ii) Linguistic variable – linguistic terms are assigned fuzzy sets, for example, ”leverage is 
sufficient”, ”liquidity is low”, etc. 

(iii)Real (crisp) variable – special case of fuzzy models, fuzzy sets are of singleton type, it 
means real numbers and the model is deterministic. 

 
Definition 1. A fuzzy set (depicted with tilde) is commonly defined by a membership 

function (µ) as representation from En (Euclid n-dimensional space, n > 1) to a set of E1 

specially to the interval of [0;1], )(~
~ xs sµ≡ , where s~ is fuzzy set,  x  is vector and  

nE⊂∈ Xx , )(~ xsµ is membership function.  
Very fruitful and powerful instrument, which might be used, for calculating a function of 

fuzzy sets is extension principle, see (Zadeh (1965)). 
 
Definition 2. The extension principle is derived by sup min composition between fuzzy 

sets nrr ~...~
1  and )~...~(~

1 nrrfs =  as follows.  Let 1: EEf n → , then membership function of fuzzy 

set )~...~(~
1 nrrfs =  is defined by  

 ( )  , x)],()......(min[ sup =s~ 1
i~1~

)x(
x~ 1

1......
1......

Eyxxy nrr

xfy
xs n

n
n

∈≡
=

µµµ  (4) 

The fuzzy multiple attribute decision-making (FMADM) models may be commonly 
expressed by extension principle as follows, 

 [ ])();(minsup)(
~

~~
),(;

~ ijrjwjxyfuv
iUi xyuU ijj

ijjii µµµ
=

=≡ , (5) 
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where v = (y1 ..... yn; xi1 .....xin)  is vector and  )( ),( ),( ~~ ijrjwiU
xyu ijji µµµ  are membership 

functions of  jiji wrU ~,~,
~

. 
Formulation of fuzzy utility function is following, 

 )]();();([minsup)( ~~~
;

~ ijvijrjwjyzxyuv
iU

zxyu ijijj

j
j

j
ijijjii µµµµ

�� ⋅⋅=
=  (6) 

The solution method of the model described is not possible to get generally analytically 
and thus approximate procedure is to be applied. Procedure selection depends mainly on 
fuzzy set types and fuzzy operation between fuzzy sets. 

 
Definition 3. T-number is fuzzy set meeting preconditions of normality, convexity, 

continuity and closeness and being defined as quadruple ),,,(~ βα sssss UL= , where ( )xφ  is 
non-decreasing function and ( )xψ  is non-increasing function as follows, set of T-numbers is 
denoted by FT(E), 
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Definition 4. The linear T-number is defined so as T-number where functions ( )φ x  and 

( )ψ x  are linear, ( ) α

α

φ
s

ssx L )(-
x  

−= , ( )  
)(s

x
U

β

β

ψ
s

xs −+= , and is depicted as quadruple 

),,,(~ βα sssss UL= , set of linear T-numbers is denoted by FTL (E). 
Under T-numbers three approaches of solution FSAWM problem formulated by (6) might 

be used, (i) analytical solution by application of extension principle, (ii) approximate fuzzy 
algebraic operations procedure, (iii) approximate ε-cut procedure. Because analytical solution 
is not mostly usable this approach is not explained. 

 

3.1 Approximate fuzzy algebraic operation procedure  

Under this procedure the iU
~

 value is computed by approximate fuzzy algebraic operations 
between T-numbers.  Because of application aspects and paper purpose, operations are 
described for linear T-number. The FSAWM model (6) under suppositions said could be 
formulated, 

 ininniiiii vrwvrwvrwU ~~~.....~~~~~~~
222111 ⊗⊗⊗⊗⊕⊗⊗=  (8) 

Definition 5. The operations of fuzzy addition and fuzzy multiplication are defined in 
accordance with Bonnisone (1982) for positive linear T-numbers as follows, 

(i) Fuzzy addition ( )⊕,~Σ  for (E)F r~,s~ TL∈ , for 0,> r~ ;s~   

( ) ( ) ( )ββααβαβα rsrsrsrsrrrrssssrs UULLULUL ++++⊕=⊕ ;;; =;;; ;;; ~~ , 

(ii) Fuzzy multiplication approximation ( )⊗; ~ Π  for (E)F r~,s~ TL∈ , for 0,> r~ ;s~  
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( ) ;;;  ~~ ββββαααα rssrrsrssrrsrsrsrs UULLUULL ⋅−⋅+⋅⋅−⋅+⋅⋅⋅=⊗ , 
where fuzzy set is positive fuzzy set, if for every sx ~sup∈ , x>0, and 

}{ 0>(x)X;x = ~sup s~µ∈s . 
Remark Operation of fuzzy addition is in accordance with extension principle. Fuzzy 

multiplication is approximate operation, because the result of multiplication is not linear T-
number under extension principle rule. 

Advantage of the method is in using a simple and few calculations; the results are in the 
same class of fuzzy sets. Disadvantage consists in confining approach applicability on special 
types of fuzzy sets, (linear) fuzzy number type, and getting only approximate results. 

 

3.2 Decomposition principle  
There are often in solving practical and complex problems under fuzzy environment such 

troubles that analytic solution according to extension principle is not available. Assuming a 
fuzzy set is of fuzzy number type (the T-number type as well) there is possible to solve 
function of fuzzy numbers )~...~(~

1 nrrfs = in accordance with extension principle as 
decomposition procedure. 

Definition 6. The ε -cut of the fuzzy set s~ , depicted εs~ , is defined as follows.  

 { }εµε ≥∈= )(;Ex ~
s~

n xs , (9) 

where ( ) ( ){ } ,;inf  s ~~
- εµµε ≥∈= xExx s

n
s , ( ) ( ){ } ,;sup  s ~~

+ εµµε ≥∈= xExx s
n

s . 
Definition 7.  Decomposition principle (Resolution identity) is defined as follows,  

( ) { }ε

ε εεµ syIpusy
ss

~;
~~

∈⋅= ,   for any [0;1] and  ∈∈ εnEy ,  

where ], [ ~ εεε sss +−=  is ε - cut,  f(x) min (x)s
~

-

nExx ⊂∈

=
ε

ε ,  f(x) max (x)s
~ nExx ⊂∈

+ =
ε
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I
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characterization function, 
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It is apparent that applying the Definition 7 the function of fuzzy numbers could be 
transformed and solved as several mathematical programming problems for ε by this way, 

 max (min)  )( , εε sss −+≡ , 

 s.t. )....( 1 nxxfs = , 

where [ ] { }   [0;1]. and ,......2;1ifor   , ∈∈∈ +− εεε nxxx iii  
Advantage of procedure is in generalised application possibility, mainly for convex, 

normal fuzzy numbers. Disadvantage consists in computation difficulty. 
 

3.3 Ranking and similarity of fuzzy sets 

Because the utility value iU
~

is the fuzzy set, to solve the second problem phase means a 
ranking of fuzzy sets or assigning them into groups. Solutions concern a choice of binary 
relation types. There are many approaches, (i) binary preference relations, (ii) fuzzy scoring 
relations, (iii) fuzzy mean and spread, (iv) linguistic methods, see for instance Dubois (1980), 
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Tsukumoto (1983), Tong (1984), Ramik (1986), Lee (1988), Chen (1989), Ramik (1996), 
Ramik (2001).  

The purpose of determining corporate financial level is to assign the corporations in 
groups. The similarity measure is useful conception, which could be used; one of examples is 
discrete inclusion measure )

~
;

~
( kik ZUI : 

 UZUZUI kkik
~

/
~~

)
~

;
~

( ∩= , (11) 

where kZ
~

 is kth category of financial corporate level, [ ])( ),(min
~~

~~ xxZU Ki ZU
x

k µµ�=∩ .     

Further U
~

 is card of fuzzy set, which is defined for discrete and continuous case as 

follows, � 	==
x x

UU
dxxxU  )(U

~
or     )(

~
~~ µµ . 

It is apparent, the measure [ ]1;0∈ikI . If 1=ikI , then corporation is fully a member of 
particular category.  If Iik = 0 , then company is not member of category. 

4 Illustrative example 
Now the simplified model of FWSAM type with non-fixed data preciousness (6) and under 

linear T-number (Definition 4), parameterised by linguistic variables, solved by 
decomposition procedure (Definition 7) will be described and solved. 

 We assume we have three companies (A1, A2, A3) which might be assigned in five 
categories of financial level, which are articulated as follows, (i) excellent, (ii) good, (iii) 
middle, (iv) bad, (v) poor. 

 Further, we suppose the financial level is characterised through three criteria, (i) 
profitability, (ii) liquidity, (iii) leverage, weights of criteria and data preciousness are 
expressed linguistically and every term is equivalent with linear T-number. The particular 
shape is shown in Table 1 and Figure 1. 

 
Table 1 Input linguistic parameters and linear T-number shape assigned 

 Financial 
level 

Profitability, 
Liquidity, Data 

preciousness 
Leverage Weights 

linear T-number 
 aL aU aα aβ 

1 excellent high low significant 0,9 1 0,1 0 
2 good rather high rather low  - 0,7 0,8 0,1 0,1 
3 middle middle middle middle significant 0,4 0,6 0,1 0,1 
4 bad rather low rather high  - 0,2 0,3 0,1 0,1 
5 poor low high non-significant 0 0,1 0 0,1 

 
Figure 1 Graphical representation of linear T-numbers 
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The financial level of corporations (A1, A2, and A3) including linguistic assignment of 
financial characteristic with weights and data preciousness shows Table 2 (For the sake of 
simplicity parameter of data preciousness is for every financial characteristic for particular 
company the same). 

 
Table 2 Linguistic characteristics of companies financial level 

Characteristics Profitability Leverage Liquidity Data 
preciousness 

Weights middle significant significant non-significant - 
Company A1 rather high low middle rather high 
Company A2 rather low rather low rather low middle 
Company A3 low rather low middle rather low 

 
Calculated results of fuzzy utility functions in accordance with (6) and maximum inclusion 

measure Iik according to (10) are shown in the following Table 3. 
 

Table 3 Evaluation results of companies’ financial level 

Company 
Inclusion – similarity measure 

Evaluation 
Ii1 Ii2 Ii3 Ii4 Ii5 max Iik 

A1 0,2641 0,8338 0,5818 0,0117 0 0,8338 good 

A2 0 0 0,4153 0,975 0,3 0,975 bad 

A3 0 0 0 0,4884 0,6141 0,6141 poor 

 
From results it is possible to judge that on the FSAWM method basis including data 

preciousness determining, the financial level of corporation A1 is good, A2 bad, A3 poor. 
It is interesting to compare these results with the same problem but without considering the 

data different preciousness. The calculations show (detailed data are not for the sake of 
conciseness introduced) that financial level of company A1 is excellent (max I= 0,7326), A2 
is middle (max I=0,80567) and A3 is also middle (max I=0,93255).  

This simple example illustrates the significant difference as far as the results are 
concerned. 

5 Conclusion 
The methodology of FMADM shows the possibility to describe realistically conditions and 

circumstances of decision making. There are many approaches used. From implementation 
point of view the FSAWM method is simple and useful. As was explained there are many 
aspects of vagueness. The weights, utility functions could be stated vaguely. In the paper the 
aspect of non-fixed preciousness input data were stressed and modelled vaguely and FSAWM 
model was modified. This aspect is often neglected, but in financial decision it is present and 
very significant and therefore it could be suitable to model and include degree of preciousness 
data parameter in fuzzy multiple attribute decision models. 
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